Abstract. We show that the representation-theoretic result of Januszkiewicz has an impact on harmonic analysis and operator algebras; more precisely, rightangled Coxeter groups are weakly amenable with Cowling-Haagerup constant 1; as a consequence, von Neumann algebras with Cowling-Haagerup constant > 1 are not embeddable into the von Neumann algebra of a right-angled Coxeter group.
(i) \\¥i\\M0A(G) <M for all i£l; (ii) (ipi)iei converges to 1 uniformly on compact subsets of G. The CH-constant AG is the infimum of all Af's for which such a net (y/f)iei can be found. The aim of this note is to deduce from [Ja] the following:
Theorem. Let Y be a right-angled Coxeter group; then T is weakly amenable, with CH-constant Ar = 1.
The Theorem follows immediately from the following Proposition, by applying it to the holomorphic family (nz)zeD of uniformly bounded representations of T constructed in [Ja] , and to the word length function L: Y -> N: g -* L(g) = \g\-Here and below, D denotes the open unit disk in C.
Proposition. Let G be a locally compact group, endowed with a proper continuous function L: G -> N which is zero at 1 e G. Assume that there exists a holomorphic family (nz)zeo of uniformly bounded strongly continuous representations of G on a fixed Hilbert space %f, with n, unitary for t e ]0, 1[, and a vector £ e <%? such that, for any z e D and g e G, zLM = (nz(g)Z\$).
Then G is weakly amenable, with CH-constant Ao = 1. The equality XK*Q>N,r = Q>n,r shows that <$>N,r belongs to A(G), as a convolution of two continuous functions with compact support. This completes the proof of the Proposition.
We are grateful to the referee for suggesting the use of the Fejer kernel, allowing us to simplify the proof and to remove a superfluous extra assumption from the original version of the Proposition.
Remark. Let X be a locally finite tree. Fix a vertex xo . There is a holomorphic family (nz)zeD of uniformly bounded representations of AutAf on l2(X), unitary for t e ]0, 1[ and such that, for g e Aut X,
where \gxo~xo\ is the distance between xo and gxo (see [Sz, VI]) . The above Proposition then shows that any closed subgroup of Aut X is weakly amenable with C77-constant Ag = 1. For other proofs of this fact, see Theorem 8 in [Sz] and Proposition 8 in [V2] ; see also [BP] for important special cases.
For a discrete group Y, we denote by vN(r) the von Neumann algebra of T, i.e., the bicommutant of the left regular representation of T. For a von Neumann algebra M, one may define a C77-constant A^ (see [CH, §6] ; one has Ap = AvN(r) [CH, Proposition 6 .1]). If Af is a von Neumann algebra with a finite faithful trace (this is automatic for group von Neumann algebras) and N is a von Neumann subalgebra, then AN < A.M [CH, Proposition 6.3] . It follows that our theorem has the following immediate consequence:
Corollary. Let Y be a right-angled Coxeter group; let N be a von Neumann algebra with A# > 1. Then N is not isomorphic to any von Neumann subalgebra of vN(T).
This Corollary has to be compared to the following result (see [De, Theorem 4.11 .1]): if T is any Coxeter group and if N is a II i-factor with property (T) in the sense of Connes-Jones [CJ] , then N is not isomorphic to any von Neumann subalgebra of vN(r).
We conclude by mentioning three open questions of harmonic analysis on general Coxeter groups; all of them are related to weak forms of amenability, as discussed in [V3] . We conjecture that the answer is affirmative for all.
(1) Are Coxeter groups weakly amenable with C77-constant 1? In view of the above Proposition, this would be the case if the results of [Ja] are proved for all Coxeter groups.
(2) Are Coxeter groups A^-amenable in the sense of Cuntz [Cu] ? Note that this is the case for a right-angled Coxeter group Y; indeed, Pimsner has shown that an amalgamated product of two 7C-amenable groups its itself K-amenable [Pi] . Now, we may assume that at least one weight m,7 in the Coxeter diagram of T is oo (otherwise T is finite); then T is an amalgamated product of two right-angled Coxeter groups with less generators than Y; an immediate induction gives the result.
(3) Let r be a Coxeter group and « > 1 an integer. Does the reduced C*-algebra of Y have the ^-positive approximation property? This is not even known for right-angled Coxeter groups. (This property is obvious for spherical or affine Coxeter groups-these are amenable-and is proved in [JV] for Coxeter groups that are hyperbolic in Gromov's sense, plus a few examples that are neither spherical, nor affine, nor hyperbolic.)
